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PHASE SHIFTS AND THE QUANTUM MECHANICAL HAMILTON-JACOB1 EQUATION 
A numer ica l  method of d e t e r a i r i i n g  phass  s h i f t s  may be based on 
t h e  f a c t  t h a t  a l t h o u g h  t h e  wave f u n c t i o n  of a system may v a r y  
r a p i d l y  w i t h  t h e  s e p a r a t i o n  d i s t a n c e  between t h e  p a r t i c l e s ,  t h e  
r e a l  and imaginary p a r t s  of the Rami i t o n - J a c o b i  r e p r e s e n t a t i o n  of 
t h e  wave f u n c t i o n  a r e  s lowly  vary ing  f u n c t i o n s  o f  t h e  s e p a r a t i o n  
e x c e p t  i n  t h e  r e g i o n  of a t u r n i n g  p o i n t ,  Using t h i s  f a c t ,  one may 
o f t e n  use  l a r g e  s t e p  s i z e s  i n  t h e  i n t e g r a t i o n s  and t h e r e b y  e v a l u a t e  
t h e  phase  s h i f t s  e x p e d i t i o u s l y .  
I n  t h e  p r e s e n t  development as i n  t h e  W , K . B ,  approach,  t h e  
R i c a t t i  s u b s t i t u t i o n  i s  made t o  o b t a i n  t h e  quantum mechanical  
Hamil ton-Jacobi  e q u a t i o n  f o r  t h e  f l i n c t i o n  $(a*) The 
f u n c t i o n  &Z*) h a s  b o t h  r e a l  and imaginary p a r t s  c o r r e s p o n d i n g  
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t o  t h e  phase and ampl i tude  of t h e  wave f u n c t i o n ,  r e s p e c t i v e l y .  I n  
t h e  a s y m p t o t i c  r e g i o n ,  t h e  wave f u n c t i o n  i s  d e s c r i b e d  by t h e  W.K.B. 
approximat ion  and one may u s e  t h i s  as a f i r s t  approximat ion  i n  
s t a r t i n g  t h e  computat ion,  However, once t h e  computat ion i s  s t a r t e d ,  
t h e  e x a c t  e q u a t i o n s  are used s o  t h a t  t h e  r e s u l t i n g  s o l u t i o n  i s  
e q u i v a l e n t  t o  t h a t  o b t a i n e d  by s o l v i n g  t h e  o r i g i n a l  Schroedinger  
e q u a t i o n .  The s o l u t i o n  cor responding  t o  a s a t i s f a c t o r y  wave 
f u n c t i o n  must v a n i s h  a t  t h e  o r i g i n ,  'This s u f f i c e s  t o  de te rmine  
one o f  t h e  two a r b i t r a r y  c o n s t a n t s  i n  t h e  s o l u t i o n ;  t h e  r e m a i n i n g  
c o n s t a n t  f i x e s  t h e  n o r m a l i z a t i o n .  The a b s o l u t e  phase  s h i f t s  are  
- - - - -  
i s  q u i t e  g e n e r a l  and i S ,fa#)/@ 1. The s u b s t i t u t i o n  U(lL*) 
t h e  r e s u l t i n g  e q u a t i o n  f o r  Sd&*] i s  termed a "Ricat-tF equafion".  
See,  e , g . ,  Birkhoff  and Rota,  Ordinary  D i f f e r e n t i a l  Equai ions  
(Ginn, Boston, 1 9 6 2 ) .  
2 
t h e n  determined from t h e  asymptot ic  form of t h e  wave f u n c t i o n .  
1. The quantum mechanical  HamTlton-Jacobi e q u a t i o n  and t h e  phase  s h i f t s  
We r e s t r i c t  our a t t e n t i o n  t o  t h e  s c a t t e r i n g  of  two s t r u c t u r e l e s s  
p a r t i c l e s  i n t e r a c t i n g  through a c e n t r a l  p o t e n t i a l .  T h i s  p r o c e s s  
may be d e s c r i b e d  by c o n s i d e r i n g  a n  e q u i v a l e n t  s i n g l e  p a r t i c l e  of 
reduced mass scat tered by a f i x e d  c e n t e r  of  f o r c e .  The p o t e n t i a l  
of i n t e r a c t i o n  i s  t a k e n  t o  be of t h e  form 
where t h e  f (n” ,  i s  d e f i n e d  i n  t h e  u s u a l  manner, s o  t h a t  t h e  
p o t e n t i a l  i s  z e r o  a t  & =  and h a s  a minimum v a l u e  of - e  . 
The r a d i a l  Schroedinger  e q u a t i o n  d e s c r i b i n g  t h e  s c a t t e r i n g  p r o c e s a  
may be w r i t t e n  i n  t h e  form 2 
where i s  t h e  a n g u l a r  momentum quantum number; /L* i s  t h e  
s e p a r a t i o n  d i s t a n c e  i n  reduced  u n i t s  
‘).c” i s  t h e  reduced wave number 
( 4 )  
2.  H i r s c h f e l d e r ,  C u r t i s s  and Bi rd ,  Molecular  Theory of  Gases and 
Liquids  (John Wiley and Sons, I n c . ,  New York 1954),  680. 
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where E i s  t h e  energy  and $$ i s  t h e  Dirac  c o n s t a n t ;  and 
i s  t h e  deBoer quantum parameter .  It i s  convenient ,  i n  a d d i t i o n ,  t o  
d e f i n e  a reduced e f f e c t i v e  p o t e n t i a l  as 
so  t h a t  Eq. 2 becomes 
I f  f(fi*) i s  zero ,  t h e  f u n c t i o n s  ufi a r e  c l o s e l y  r e l a t e d  t o  
t h e  Bessel f u n c t i o n s  and a s y m p t o t i c a l l y  approach 
When f(fl") i s  n o t  z e r o  b u t  approaches z e r o  a t  l a r g e  s e p a r a t i o n s  
t h e  f u n c t i o n  d i f f e r s  a s y m p t o t i c a l l y  * -2 f a s t e r  t h a n  4 
from eq. 8 and approaches t h e  f u n c t i o n  
where 321 
c ross  s e c t i o n  may be expressed i n  terms of t h e  
i s  a c o n s t a n t  known as t h e  phase s h i f t .  The d i f f e r e n t i a l  
4 
a )  The Hamil ton-Jaccbi  eqkaticn 
L e t  
where We ohtai- i i  an  e q u a t i o n  f o r  S(d9 
by s u b s t i t u t i o n  of t h i s  form i n t o  E q a  4 .  
s(h'j i s  a c e a p i e x  f i r n L t i o ?  
The r e s u l t i n g  e q u a t i o n  i s  
where E' i s  t h e  reduced energy,  
I n  t h e  l i m i t  A'* 8 , f o r  f i x e d  $' and a f i x e d  v a l u e  of  
S (~'1 s a t i s f i e s  the  equation 
It i s  c l e a r  from 
i n  t h e  c l a s s i c a l  
E q .  13  t h a t ,  i n  this I l rnf t ,  
r e g i o n  and p u r e l y  i a a g i n a r y  i n  t h e  n o n - c l a s s i c a l  
s(6pc) i s  p u r e l y  r e a l  
r e g i o n .  Eq. 13 i s  t h e  c l a s s i c a l  Hamil ton-Jacobi  e q u a t i o n  f o r  
Hamil ton 's  c h a r a c t e r i s t i c  f u r x t i o n .  3 
Return ing  t o  E q .  11, we s e t  
3. H. Golds te in ,  
1959). 
S(n*) = s, 6R*l+ i s,dfl'B (14) 
C l a s s i c a l  Mechanics (Addison-Wesley, Reading, Mass., 
5 
and 
T h i s  p a i r  of  coupled second order  e q u a t i o n s  are e a s i l y  t ransformed 
i n t o  a s e t  of four f i r s t  o rde r  e q u a t i o n s ,  Thus one o b t a i n s  t h e  
s e t  
s:= yl  
A*$.- 2 
These e q u a t i o n s  a r e  c m p l e c e l y  equivaienrr t o  t h e  o r i g i n a l  
Schroedinger  e q u a t i o n .  Clearly, s ince  rhe l a s t  two e q u a t i o n s  
are uncoupled from t h e  first two, they  rnay be s o l v e d  independent ly  
and t h e  r e s u l t i n g  salutions i n t e g r a t e d  t o  o b t a i n  $1 fn*) and &(n*), 
- - - - -  
k .  A se t  of r e l a t e d  e q u a t i o n s  Is-Lreated i n  a d i f f e r e n t  f a s h i o n  
by J. A .  Wheeler, Phys. Rev. 52, 1123 ( 1 9 3 7 ) .  
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b.  The asymtot ic  s o l u t i o n  
I n  t h e  n u m e r i c j l  e s l u t i c r i  a t  t hese  equations, i t  i s  convenient  
t o  b e g i n  t h e  i n t e g r 2 t i o n  a t  a i i ~ z g k  - . ~ ; L P  c;f &' and i n t e g r a t e  
toward t h e  o r i g i n ,  For thrs Fbrposes i t  is n e c e s s a r y  t o  c o n s i d e r  t h e  
asymptot ic  behavior  of  t h e  f o i ~ r  f u : * z t i - n s .  From E q .  9, i t  f o l l o w s  
t h a t  a s y m p t o t i c a l l y  ug m y  aL;c? be w i l t t e n  as 2 l i nea r  combinat ion 
-i&@nP 
and e . C m p a r i n g  t h e s e  f u n c t i o n s  w i t h  t h e  lJ&* of e 
d e f i n i n g  e q u a t i o n  f o r  Sgh'j E C , ~  14, we conclude t h a t  s o l u t i o n s  
ex is t  such t h a t  $2 approaches a c 3 n s t a n t  f o r  l a r g e  /I,* and SI 
approaches k. Z'A'n' zn /t* . It t h e n  f o l l o w s  from 
E q s .  1 7  and 18 t h a t  f o r  t h e s e  soiutians 
and 
The W.K.B.  s e r i e s  s o l u t i o n  of che e q u a t i o n s  g i v e s  more a c c u r a t e  
asymptot ic  forms of t h e  f u n c t i o n s o  Th i s  s e r i e s  s o l u t i o n  i s  o b t a i n e d  
by developing  gI as a power s e r i e s  i n  A' f o r  f i x e d  v a l u e s  of E" 
and 4 ( l + i  )Ay2 
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If t h i s  s e r i e s  i s  s u b s t i t u t e d  i n t o  E q ,  19, we o b t a i n  
i n  A* : 
yg. as a s e r i e s  
where 
. . .  
On s u b s t i t u t i n g  t h e s e  s e r i e s  expres s ions  f o r  
Eq. 20, we f i n d  t h a t  
and 
Eq. 27  i s  t h e  c l a s s i c a l  l i m i t  s i n c e  i t  i s  t h e  z e r o t h  term i n  t h e  
expans ion  i n  powers of  A* 
r e s u l t s  are c o n s i s t e n t  w i th  Eq.  13, t h e  c l a s s i c a l  l i m i t  of Eq. 11. 
The h ighe r  terms i n  t h e  s e r i e s ,  Eqs.  23 and 24, a r e  quantum c o r r e c t i o n s .  
. In t h i s  l i m i t ,  9~ i s  ze ro .  These 
t 
8 
c )  The boundary c o n d i t i o n  a t  t h e  o r i g i n .  
The numerical  s o l u t i o n  cf che equat:c;rs is s t a r t e d  a t  a v a l u e  
of 
t o  a good approximation.  T h i s  v a l u e  of dk i s  denoted as n o  . 
It fo l lows  from Eqs.  13 and 14 t h a t  a s o i u t i v r i  c.f t h e s e  e q u a t i o n s  
n* s u f f i c i e n t l y  l a r g e  t h a t  Eqs... 27  2nd 28  r e p r e s e n t  t h e  f u n c t i o n s  
% * 
remains  a s o l u t i o n  i f  ~~~~‘~ and Szch’j are changed by adding  
a r b i t r a r y  c o n s t a n t s .  The a r b i t r a r y  a d d i t i v e  c o n s t a n t  on (a*) 
i s  a s s o c i a t e d  w i t h  t h e  a r b i t r a r y  phase o f  a s o l u t i o n  (which i s  not  
n e c e s s a r i l y  wel l -behaved a t  t h e  o r i g i n )  and t h e  a r b i t r a r y  a d d i t i v e  
c o n s t a n t  o f  
o f  t h e  wave f u n c t i o n .  For numer ica l  convenience,  w e  s e t  
& (a’) i s  a s s o c i a t e d  w i t h  t h e  a r b i t r a r y  n o r m a l i z a t i o n  
The s o l u t i o n  of t h e  e q u a t i o n s  r e p r e s e n t i n g  a wave f u n c t i o n  which 
i s  well-behaved a t  t h e  o r i g i n  i s  formed from two numer ica l  s o l u t i o n s .  
S i n c e  t h e  Hamil tonian o p e r a t o r  i s  rea l ,  i t  i s  e a s i l y  shown t h a t  t h e  
r e a l  and imaginary p a r t s  of  a s o l u t i o n  are s e p a r a t e l y  s o l u t i o n s  of 
t h e  e q u a t i o n .  F r o m t h i s  i t  f o l l o w s  t h a t  t h e  complex c o n j u g a t e  of  a 
s o l u t i o n  i s  a l s o  a s o l u t i o n  and fur thermore ,  i f  t h e  f u n c t i o n  i s  n o t  
p u r e l y  r e a l  (or p u r e l y  imaginary) ,  t h e  complex c o n j u g a t e  i s  a n  
independent  s o l u t i o n .  Thus, i f  
5 
5. T h i s  is  e q u i v a l e n t  t o  s a y i n g  t h a t  t h e  r e a l  and imaginary p a r t s  O f  a 
s o l u t i o n  a r e  themselves  independent  s o l u t i o n s .  
f . 
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i s  a s o l u t i o n ,  then 
i s  a n  independent  s o l u t i o n .  
c o n s i s t e n t  w i t h  Eqs. 1 9  and 20. 
i s  a s o l u t i o n  of t h e s e  e q u a t i o n s ,  -&(/l.*l s,$@jis a l s o  a 
s o l u t i o n .  I f  t h e  f i r s t  s o l u t i o n  i s  o b t a i n e d  u s i n g  a s  t h e  asymptot ic  
form, Eqs. 27 and 28, w i t h  t h e  upper s i g n  f o r  y;' , t h e  second 
s o l u t i o n  would r e s u l t  from u s i n g  t h e  lower s i g n .  
This  r e s u l t  i s  e a s i l y  shown t o  be 
C l e a r l y ,  i f  s,(ndBj , SacR*) 
From t h e  arguments j u s t  given i t  f o l l o w s  t h a t  t h e  g e n e r a l  
s o l u t i o n  of  t h e  Schroedinger  equat ion ,  Eq. 7 ,  may be w r i t t e n  as 
where A 1 and 
are s o l u t i o n s  g iven  a s y m t o t i c a l l y  by Eqs. 2 1  and 22, w i t h  t h e  
upper s i g n .  The c o n d i t i o n  t h a t  t h e  wave f u n c t i o n  v a n i s h  a t  t h e  
o r i g i n  i s  
A, are a r b i t r a r y  c o n s t a n t s  and SI (Rqand S2(fik,  
Thus, 
(33) 
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Using t h i s  r e l a t i o n  between A ,  and A, we f i n d  t h a t  t h e  w e l l -  
behaved s o l u t i o n  i s  
The c o e f f i c i e n t  A, 1 s determined by rhe : I O K T T A ~ ~ Z ~ ~  Lane 
From t h e  d e f i n i t i o c  of g s  E q .  1 7 ,  and t h e  c o n d i t i o n  t h a t  
s,(n,Y~ 2 0, i t  follows t h a t  
It  i s  convenient  t o  rewri te  t h i s  r e s u l t  i n  t h e  form 
S i n c e  t h e  numer ica l  s o l u t i o n  i s  based 01-1 t h e  u s e  of  t h e  upper 
i n  t h e  i n i t i a l  c o n d i t i o n ,  E q .  27 ,  t h e  I n t e g r a l  i n  t h e  l a s t  e x p r e s s i o n  
converges i n  t h e  l i m L t  fl -? a . Ttius ,  the s o l u t i o n  g iven  by 
s i g n  
* 
Comparing t h i s  e x p r e s s i o n  w i t h  t h e  e q u a t i o n  d e f l n i n g  t h e  phase 
s h i f t ,  Eq.  9, w e  f i n d  t h a t  
11 
where N i s  a n  a r b i t r a r y  i n t e g e r  
d )  The a b s o l u t e  phase  s h i f t  
It i s  of i n t e r e s t  t o  n o t e  t h a t  t h e  l a s t  e x p r e s s i o n  f o r  t h e  
phase s h i f t  may be r e w r i t t e n  i n  the  farm 
I n  t h i s  form, i t  i s  clear t h a t  t h e  r e s u l t  i s  independept  of t h e  
c h o i c e  of n, .and t h e  convent ion  t h a t  SognEB= 0 . w 
We e v a l u a t e  t h e  i n t e g e r  /l! by c o n s i d e r i n g  a p o t e n t i a l  
where )c 
From c o n t i n u i t y  c o n s i d e r a t i o n s ,  i t  fo l lows  t h a t  /e/ 
i s  a c o u p l i n g  parameter which may be v a r i e d  c o n t i n u o u s l y .  
cannot  depend 
.a6 
on h o r  t h e  energy E . Using t h e  d e f i n i t i o n  of y8 J Eq. 17, 
E q .  40 may be w r i t t e n  as 
where 
1 2  
The phase s h i f t  T g  i s  d e f i n e d  i n  such a ITranner t h a t  a s  h+ Q J 
0 . For t h i s  v a l u e  o f  $b t h e  s a l u t l e n  c f  t h e  Schroedinger  
e q u a t i o n  cor responding  t o  E q .  30 is simply r e l a t e d  t o  t h e  f i r s t  
Hankel f u n c t i o n  ~~'~~~ i , e .  
where j, 
f u n c t i o q s .  T h i s  f u n c t i o n  h a s  t h e  a s y n p t o t i c  form 
and fljlzj are t h e  s p h e r i c a l  Bessei and Neumann 
6 
I f ,  f o r  t h e  p r e s e n t ,  t h e r e f o r e ,  we r e s t r r c t  
t h e  range  
5",COB/A' t o  l i e  i n  
6 OB i t  fo l lows  from t h e  form o f  X gJ 6x1 i n  t h e  l i m i t  f j  0 
t h a t  
It fo l lows  from E q .  42 t h a t  t h e  r e s t r i c t i o n ,  E q .  4 6 ,  does n o t  a f f e c t  
t h e  r e su l t  s i n c e  only t h e  d i f f e r e n c e  between SI(JfI/A*and s , r O ) l p n ' l  
i s  impor tan t ,  and t h u s  t h e  ambigui ty  a s s o c i a t e d  w i t h  Eq.. 47 may be - - - - -  
6.  Morse and Feshbach, Methods of T h e o r e t i c a l  P h y s i c s  (McGraw-Hill, 
New York, 1953). 
4 
13 
ignored  . 
It fo l lows  from Eqs. 19 and 20 t h a t  
e x c e p t  a t  a s i n g u l x i t y  of t h e  Schroedinger  e q u a t i o n .  
s i n c e  
T h e r e f o r e ,  
SI(&*) i s  a monotone i n c r e a s i n g  f u n c t i o n  of b' , From t h e  
i s  zero ,  s,/A* form of  Eq. 4 4 ,  i t  f o l l o w s  t h a t  whenever 
i s  a n  i n t e g e r  m u l t i p l e  of  Thus, as n,6%) goes through 
s u c c e s s i v e  nodes, $,/A* i n c r e a s e s  by T 
(a,Cx, 
as i l l u s t r a t e d  i n  F i g .  1. 
7 
For M s u f f i c i e n t l y  l a r g e  t h e  p o s i t i o n  of t h e  t h  node i s  
Thus, 
When t h e s e  r e s u l t s  are s u b s t i t u t e d  i n t o  Eq .  42, one o b t a i n s  
as t h e  c o n d i t i o n  on such  t h a t  1 be a n  a b s o l u t e  phase 
s h i f t .  
7 .  Jahnke and Emde, Tables  of  Funct ions  (Dover P u b l i c a t i o n s ,  
- - - - _  
New York, 1945). 
4 
14 
*C \
)c 
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w- 
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- 
5 10 
x 
F i g .  1 
15 
From Eq. 40 it fellows t h a t  
where t h e  s u p e r s c r i p t  i m p l i e s  t h a t  fgnd.) = T h i s  r e s u l t  
g i v e s  t h e  a b s o l u t e  phase s h i f t  i n  terms of  t h e  d i f f e r e n c e  i n  t h e  
phase  a t  t h e  o r i g i n  o f  i r r e g u l a r  s o l u t i o n s  of  t h e  Schroedinger  
e q u a t i o n  which a r e  a s y m p t o t i c a l l y  p r o p o r t i o n a l  t o  -@ . 
e )  The c o r r e c t i o n  t e r m  
* 
S i n c e  0,  i s  t a k e n  t o  be s u f f i c i e n t l y  l a r g e  t h a t  t h e  f i r s t  
)c * 
W.K.B. approximat ion  holds  f o r  f i  
e v a l u a t e  t h e  i n t e g r a l  i n  Eq. 39. 
p o t e n t i a l  i s  s m a l l  compared t o  t h e  energy  E *  . 
may be f u r t h e r  approximated by t h e  ser ies  
, we may u s e  Eq. 27 t o  
I n  t h e  asymptot ic  r e g i o n  t h e  
Thus t h e  f u n c t i o n  
With t h i s  ser ies  and an  e x p l i c i t  form of  t h e  p o t e n t i a l  f u n c t i o n  
t h e  i n t e g r a l  c o r r e c t i o n  term i n  t h e  e x p r e s s i o n  f o r  t h e  phase s h i f t ,  
Eq. 39, may be e v a l u a t e d .  The numer ica l  a p p l i c a t i o n s  d i s c u s s e d  
l a t e r  are based on t h e  Lennard-Jones form of  t h e  p c t e n t i a l  f u n c t i o n  
16 
It i s  t h i s  e x p r e s s i o n  which i s  e v a l u a t e d  t o  o b t a i n  numer ica l  v a l u e s  
of t h e  phase s h i f t s .  
2.  Numerical Techniques  
The problem of de te rmining  t h e  phase s h i f t s  has been reduced 
i n  t h e  prev ious  s e c t i o n  t o  t h a t  o f  sal .ving t h e  coupled d i f f e r e n t i a l  
e q u a t i o n s ,  E q s .  1 7  t o  20. The a u m e r i c a l  s a l u t i o n  .Fs c a r r i e d  from 
A? f 
a l a r g e  v a l u e  of fe , denoted ne i n  t h e  d i r e c t i o n  of 
d e c r e a s i n g  h' . A t  t h e  i n i t i a l  p o i n t ,  , = sZ= $f 
and 9, and LJ2 are  g iven  by Eqs. 23,  24, 27 and 28 w i t h  t h e  
c h o i c e  of t h e  upper s i g n  i n  E q .  2 ? .  I n  t h e  numer ica i  examples,  
on ly  t h e  f i r s t  non-zero terms i n  t h e  s e r i e s  approximat ions  were 
used.  
a )  The d i f f e r e n c e  e q u a t i o n s  
The p a i r  of e q u a t i o n s  f o r  91 and 9~ Eqs. 19 and 20, 
8 a r e  o f  a type  known as " s t i f f  equat ions" .  
8 .  J, 0 .  H i r s c h f e l d e r ,  " & l i e d  Mathematics a s  used i n  T h e o r e t i c a l  
These e q u a t i o n s  are  - - - - -  
Chemistry,  Proc .  of Sympos;.a i r !  Appl ied Math. ,  v01. XV, 
A m e r .  Math. SOC. (1963;; a l s o  C u r t i s s  and H i r s c h f e l d e r ,  
Proc .  of Nat. Acad. S c i . ,  235 (1952) .  
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c h a r a c t e r i z e d  by eXKrem s t a ' o r , i t y  w1Lh r e a p e c t  t o  s o l i l t i o n  i n  one 
c i r e c t i o n ,  i n  t h i s  ca se  in the  d i rcc-c ion  3f d e c r e a s i n g  h* .  The 
p r o p e r t y  g e n e r a l l y  occurs  whe- t h e  d e r i v a t i v e  i s  m u l t i p l i e d  by a 
numer i ca l ly  small c o e f f i c i e n t .  'Thus t.he;e e c p t i o n s  become 
" s t i f f e r "  as 0  he c o r d i t i o n  t h a t  che W , K , B .  method 
be a p p l i c a b l e .  
Thus t h e  numer ica l  s o l u t i o n  of t h e s e  e q a a t i o n s  i s  s t a r t e d  by 
e s t i m a t i n g  t h e  v a l u e s  of gl 
Eqs. 27 and 28. Then the f u l l  e q u a t i o n s ,  Eqs. 1 7  t o  20, a r e  used t o  
con t inue  t h e  s o l u t i o n  toward the o r i g i n "  To do  t h i s ,  backward 
d i f f e r e n c e  methods a r e  used t o  estilr.,te 92 and 
i n  terms of t h e  p rev icus  values s f  
2nd y2 by the  W , K . B .  approximat ion ,  
a 1 
ya a t  t h e  p o i n t  
9 2  T h i s  i s  e q u i v a l e n t  
t o  c o r r e c t i n g  t h e  W . K , B .  app rox ina t ion  f o r  vl by i n c l u d i n g  
e f f e c t s  due t o  9 2  2nd 9; . T h e  r e s u l t i n g  d i f f e r e n c e  e q u a t i o n  i s  
(57) 
J 
where A i s  t h e  increment  i n  a' - a nega t ive  v a l u e .  
To o b t a i n  an  e x p r e s s i o n  f o r  g,(Wr) Eq 20 i s  d i f f e r e n t i a t e d  
/ 
i m p l i c i t l y  t o  ob ta i i l  an  expres s ion  f a r  which i s  s u b s t i t u t e d  
i n t o  Eq. 19.  Then t h e  d e r i v a t i v e s  cf Y m  appea r ing  i n  the  
e x p r e s s i o n  f o r  
The e x p l i c i t  e x p r e s s i o n  fwr 
yz a r e  a g a i n  estimated by backward d i f f e r e n c e s .  
gz(R7 l  IS t hen  
18 
The s t a b i l i t y  pr ~ ~ € K t i e s  of  these  d i f f e r e n c e  equations l e a d s  
t o  a lower l i m i t  on t h e  s t e p  s i z e  which ray be used ,  These 
s t a b i l i t y  p r e p e r t i e s  of t h e  d i f f e r e n c e  ~ q u 2 t ~ o n s  are c l o s e l y  
r e l a t e d  t o  t h e  " s t i f f "  c h a r a c t e r  i;f t1,e d i f  f e r e n t k a l  e q u a t i o n s .  
A s  t h e  t u r n i n g  p o i n t  2 s  approached, the f u n c , t f o ~ s  911(d@l and Y~(k5 
b e g i n  t o  change mcre r a p l d l y .  
s t a b i l i t y  t h e n  i s  no longer  s u f f i c i e n t l y  small t h a t  t h e  d i f f e r e n c e  
e q u a t i o n s  approximate s u f f i c i e n t l y  w e l l  t h e  d i f f e r e n t i a l  e q u a t i o n s .  
A t  t h i s  p o i n t ,  t h e  e q u a t i o n s  loose t h e i r  s t i f f  c h a r a c t e r  and i t  i s  
necessary  t o  use a n  a l t e r n a t e  nunzerical method. 
b )  The s t a b i l i t y  c o n d i t i o n "  
The minimum s t e p  s i z e  r e q u i r e d  f o r  
To i n v e s t i g a t e  t h e  s t a b i l i t y  0 5  t't;r d i f f e r e n c e  e q u a t i o n s  
(e) SOB w e  l e t  t h e  s e t  tJdi and LJt; arid .;he s e t  $6 and y2i be two 
e x a c t  s o l u t i o n s  of  t h e  d i f f e r e n c e  e q u a t i o n s ,  E q s .  57 and 58. The 
p e r t u r b a t i o n s  and are d e f i n e d  by 
and 
I f  t h e  s o l u t i o n s  a r e  s t a b l e  t h e  p e r t u r b a t i o n s  
decrease  a s  6 i n c r e a s e s .  To i n v e s t i g a t e  t h e  s t a b i l i t y ,  t h e  
1st and 32; 
a 
s o l u t i o n s ,  Eqs. 59 and 60, a r e  s u b s t i t u t e d  i n t o  t h e  e q u a t i o n s ,  
Eqs .  57 and 58. S ince  t h e  p e r t u r b a t - f e n s  all and are 
assumed t o  be small, t h e  r e s u l t i n g  e q u a t i o n s  are l i n e a r i z e d .  The 
19 
resulting pair of equacions a re  
where 
and 
C l e a r l y  a solution o f  E q s .  6 1  and 62 e x i s t s  of  t h e  form 
21 
i f  d i s  a r o o t  of  t h e  de t e rminen ta l  e q u a t i o n  
D e f i n i n g  
E '  we o b t a i n  the  cub ic  e q u a t i o n  f o r  
where 
and 
22 
(4, 
Eq. 78  g i v e s  4 as a f u n c t i o n  of A /f $) and 921 
and , i t  f o l l o w s  t h a t  t h e  aim and from t h e  form of  t h e  
d i f f e r e n c e  e q u a t i o n s  are s t a b l e  if 
I f  w e  r e s t r i c t  our a t t e n t i o n  t o  n.' s u f f i c i e n t l y  f a r  from t h e  
c l a s s i c a l  t u r n i n g  p o i n t ,  w e  may t o  a r e a s o n a b l e  approximation 
(01 
n e g l e c t  a l l  terms i n  t h e  p% i n v o l v i n g  A , A* and 3.j 
and approximate Eq. 78 by 
where 
C l e a r l y ,  w e  need c o n s i d e r  o n l y  $(()>o 
i s  i l l u s t r a t e d  i n  F i g .  2 .  From t h i s  f i g u r e  i t  i s  Seen t h a t  if 
The c u b i c  f u n c t i o n  f(6) 
t h e  r e a l  r o o t  of Eq .  8 4  corresponds  t o  a n  u n s t a b l e  s o l u t i o n .  On 
t h e  o ther  hand, i f  
i’ 
0 0 
23 
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vr 
4 
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0 
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I 
24 
t h e  r e a l  r o o t  of Eq. 84 l e a d s  t o  a s t a b l e  s o l u t i o n .  It may be 
shown t h a t  i f  t h e  c o n d i t i o n ,  E q .  8 7 ,  h o l d s ,  t h e  complex r o o t s  of 
t h e  c u b i c  a l s o  s a t i s f y  t h e  c o n d i t i o n  of s t a b i l i t y .  Thus, t o  t h e  
approximat ion  b e i n g  considered,  t h e  c o n d i t i o n  of  s t a b i l i t y  i s  t h a t  
and la,,, d e c r e a s e  a s m  
a r f i  
I f  d 
i n c r e a s e s .  C l e a r l y ,  i t  i s  p o s s i b l e  t o  o b t a i n  a more e x a c t  
s t a b i l i t y  c r i t e r i o n  by o b t a i n i n g  a more a c c u r a t e  s o l u t i o n  of Eq. 60. 
c)  The numer ica l  s o l u t i o n  
s a t i s f i e s  t h i s  c o n d i t i o n ,  t h e  
A s  t h e  s o l u t i o n  proceeds  toward t h e  t u r n i n g  p o i n t ,  ygm", and 
I t  Y,<k 1 become l a r g e  and a t  some p o i n t  E q s .  15 and 16  become no 
longer  " s t i f f " .  When t h i s  r e g i o n  i s  reached ,  an  o r d i n a r y  Runge- 
K u t t a  t e c h n i q u e  may b e  used t o  s o l v e  t h e  e q u a t i o n s .  This  method 
may be used t o  complete  t h e  numerical  s o l u t i o n  of  t h e  e q u a t i o n s .  
9 
3.  The numer ica l  r e s u l t s .  
To i l l u s t r a t e  t h e  p r e s e n t  numer ica l  method of  e v a l u a t i n g  t h e  
phase  s h i f t s  w e  p r e s e n t  t h e  fo l lowing  e x p l o r a t o r y  r e s u l t s .  To 
c a r r y  o u t  a numer ica l  e v a l u a t i o n ,  i t  i s  n e c e s s a r y  t o  choose f o u r  
numer ica l  p a r a m e t e r s ;  a s t a r t i n g  p o i n t  Sa, a n  i n t e r v a l  s i z e  
i n  t h e  s t i f f  r e g i o n  A 
=# 
, a " j o i n  p o i n t "  n$ a t  which t h e  
9. W. E. Milne,  Numerical S o l u t i o n  of D i f f e r e n t i a l  Equat ions  
(John Wiley and Sons, New York, 1953). f 
25 
d i f f e r e n c e  e q u a t i o n s  are changed f r o n  t h e  s t i f f  form t o  t h e  Runge- 
K u t t a  e q u a t i o n s ,  and a n  i n t e r v a l  s i z e  i n  t h e  Runge-Kutta r e g i o n ,  
denoted by I n  a d d i t i o n ,  values of t h r e e  p h y s i c a l  
parameters  must be chosen,  These nay be t a k e n  t o  be E * , A' 
and 1 . I n  t h e  p r e s e n t  c a l c u l a t i o n s ,  t h e  f b n c t i o n  f(na) i s  
t a k e n  t o  b e  of t h e  Lennard-Jones form, Eq. 55. 
To i n v e s t i g a t e  t h e  e f f e c t  of v a r y i n g  t h e  numer ica l  parameters ,  
10 a number of c a l c u l a t i o n s  were made f o r  
and 
The r e s u l t i n g  v a l u e s  o f  t h e  phase s h i f t  are i l l u s t r a t e d  i n  
F i g .  3.  The v a l u e s  i n  F i g .  3 may be compared w i t h  B e r n s t e i n ' s  
value'' o f  2.551 o b t a i n e d  by d i r e c t  i n t e g r a t i o n  of  t h e  Schroedinger  
e q u a t i o n  u s i n g  t h e  Runge-Kutta method. These r e s u l t s  i n d i c a t e  
t h a t  for t h i s  c a s e ,  t h e  optimum v a i u e s  of t h e  numer ica l  parameters  
are 61': about  6 .0 ,  g r e a t e r  t h a n  0.25, A R ~  between 
-0.01 and -0.0025 and nc between 3.25 and 4.00.  The f u n c t i o n s  
3 , ~ ~ )  , S,(R*I/A' and Szlfi'j4/d for  
%g 
y, X = o j * E*= 0.0228 and h = 0,3158 a r e  i l l u s t r a t e d  i n  F i g s .  4-7.  
It i s  of  i n t e r e s t  t o  p o i n t  o u t  t h a t  t h e  s t a b i l i t y  c o n d i t i o n ,  - - - - -  
10. These v a l u e s  cor respond t o  B e r n s t e i n ' s  
$ = 0. 
(1960). 
A = 3 , - B  = 125 and 
See R .  B.  B e r n s t e i n ,  J. Chem. Phys. 33, 795-804 
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Eq. 8 5 ,  i n d i c a t e s  t h a t  t h e s e  c a l c u l a t i o n s  were made u s i n g  a n  u n s t a b l e  
. I 238  I .2046 
v a l u e  of  A . However, t h e  e r t c r 5  a @  and 3l inpdue t o  t h e  use  
of  t h e  W.K.B.  approximation and round-of f  e r r o r s  were s m a l l  enough, 
and t h e  number of  s t e p s  few enough, t h a t  the  accumulated e r r o r  was 
n o t  s i g n i f i c a n t .  
Table  1 g i v e s  v a l u e s  of  t h e  phase s h i f t  f a r  1;. 0 , A*=0,3/5f 
9 
and four  v a l u e s  of  E a l l  o b t a i n e d  u s i n g  dza.%gJ = -,01 , 
h:=3,25, and n f - b . 0  ; t h e  r e s u l t s  a g r e e  t o  t h e  f i g u r e s  
10 
given  w i t h  B e r n s t e i n ' s  r e s u l t s .  
TABLE '4 
Y 
Values of  7" 
when 1 = 0, A' = 0.3158. 
are shown f o r  four  v a l u e s  of  E 
k I I I I 
I 2 .551  I -0 .484  I -3.140 I -5 .565 I 
When 1 i s  non-zero, i t  i s  p o s s i b l e  t o  have one o r  t h r e e  
The r e s u l t s  g iven  i n  Table  2 a r e  f o r  1 = 15, t u r n i n g  p o i n t s .  
A* = 0.3158 and four  v a l u e s  o f  such t h a t  t h e r e  i s  o n l y  one 
t u r n i n g  p o i n t .  These r e s u l t s  were o b t a i n e d  t a k i n g  A = - 0 . 2 5 ,  * 
and ARK = -0.01 and t h e  v a l u e s  of  8az and K O  
Y 
i n d i c a t e d .  The phase s h i f t  f o r  E = 0.0628 is i n  poor 
32 
3.00 
3 .50  
3 . 5 0  
4 . 0 0  
TABLE 2 
1 5 . 0  3.804 3 . 2 1 1  
10 .0  3 ,806 3 :  215 
15 .0  3 .804 3 . 2 1 2  
10.0 3.807 3.215 
t 
E* 0 . 2 5 2 6  0.20G6 
4 .00  
5 . 0 0  
1 5 . 0  3 . 8 0 4  3.212 
10.0 3.807 3.215 0 . 4 9 0  
0 . 4 8 9  5.00 I 15.0 I 3.804 I 3.213 
0 , 1 0 8  
0.105 
0 , 1 2 3 8  I 0.0628 I 
I 
0.489 -. 008 I 
0 . 4 8 4  I - . 0 2 0  I 
0 , 4 8 9  I +.078 1 
+Os 064 
0 ,487 0,100 
Reference 10 3.805 3 . 2 1 2  
All r e f e r e n c e  v a l u e s  have an  u n c e r t a i n t y  of 2.002 
8 
33 
f agreement w i t h  t h a t  o f  B e r n s t e i n  f o r  he< L,OO, because t h e  t u r n i n g  
p o i n t  o c c v r s  a t  a much l a r g e r  v a l u e  of a' # (about /a = 3 . 0 ) ,  
t h a n  f o r  t h e  o t h e r  v a l u e s  of E" . 
The r e s u l t s ' '  shown i n  Table 3 d e s c r i b e  a se r ies  of c a l c u l a t i o n s  
* 
w i t h  c o n s t a n t  v a l u e s  of E and ( 1 + 1/2)A* and v a r y i n g  v a l u e s  
of t h e  quantum parameter  , A)! . The c o n d i t i o n s  a r e  such  t h a t  
t h e r e  are t h r e e  t u r n i n g  p o i n t s .  
a much smaller ARK 
n o n - c l a s s i c a l  r e g i o n ,  s i n c e  a s  A*+O , b a r r i e r  p e n e t r a t i o n  becomes 
For 1> 60, i t  i s  necessary  t o  u s e  
i n  order  t o  f o l l o w  t h e  s o l u t i o n  through t h e  
d i f f i c u l t .  
4 .  Conclusions 
It i s  found t h a t  a c c u r a t e  v a l u e s  of t h e  phase s h i f t s  may be 
o b t a i n e d  by i n t e g r a t i o n  of t h e  quantum mechanical  Hamilton- 
Jacobi  e q u a t i o n .  An advantage o f  t h i s  t e c h n i q u e  i s  t h a t  one 
d e a l s  w i t h  more s lowly  v a r y i n g  f u n c t i o n s  t h a n  t h e  r a d i a l  wave 
f u n c t i o n .  The a p p l i c a t i o n  of t h e  boundary c o n d i t i o n  t h a t  t h e  
wave f u n c t i o n  v a n i s h  a t  h*=o i s  s t r a i g h t f o r w a r d .  F u r t h e r ,  a 
new e x p r e s s i o n  f o r  t h e  a b s o l u t e  phase s h i f t s  i s  obta ined  which 
may be u s e f u l  i n  o t h e r  a p p l i c a t i o n s .  F u r t h e r  s t u d y  of t h e  method 
may r e s u l t  i n  methods of p r e d i c t i n g  t h e  optimum v a l u e s  of  t h e  
numer ica l  parameters  and i n c r e a s e d  e f f i c i e n c y  of t h e  method i n  
t h e  r e g i o n  of t h e  t u r n i n g  p o i n t .  
- - e - -  
11. These c a l c u l a t i o n s  r e p e a t  some unpubl ished r e s u l t s  of 
S. Imam-Rahajoe, ob ta ined  w i t h  t h e  computer program 
developed by B e r n s t e i n .  
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TABLE 3 
Y 
Values o f  are showr~ fo r  E = 0 , 4  and 
( a+ vz 1 A* = 7 , 9 4 9 ,  R e s u l t s  were o b t a i n e d  u s i n g  
d A = -0.25, ARK -- -0.01, 4, = 3.25, and 
n? = 1 0 ~ 0 ,  
A* 
0,75703 
0.38775 
0 ,19627 
0.13139 
0.07909 
r e s u l t s  r e f .  11 
- 
I 
I 17.070 u n s t a b l e  
c 
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